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1 Introduction
Black hole thermodynamics has remained a subject of interest for four decades. Its study
continues to provide us with interesting clues as to the underlying structure of quantum
gravity. The thermodynamics of (charged) black holes in asymptotically AdS spacetimes
is of particular interest, in part because it is straightforward to define thermodynamic
equilibrium, and because of novel phenomena that emerge, such as thermal radiation/large
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AdS black hole phase transitions [1]. Interest in asymptotically AdS black holes increased
further once it was seen that they admit a gauge duality description via a dual thermal
field theory.
The proposal that the mass of an AdS black hole should be interpreted as the enthalpy
of spacetime represents an interesting new development in this subject. The idea is that
the cosmological constant Λ be considered as a thermodynamic variable [2] analogous
to pressure in the first law [3–18]. This proposal has been shown to provide a much
richer panoply of thermodynamic behaviour for both AdS and dS black holes [19]. These
include the existence of reentrant phase transitions in rotating [20] and Born-Infeld [14]
black holes and the existence of a tricritical point in rotating black holes analogous to the
triple point in water [21]. Furthermore, it can be shown that there is a complete analogy
between 4-dimensional Reissner-No¨rdstrom AdS black holes and the Van der Waals liquid-
gas system, with the critical exponents coinciding with those of the Van der Waals system
and predicted by the mean field theory, significantly modifying previous considerations that
emerged from the duality description [22–27]. These phenomena are now under intensive
study in a broad variety of contexts [28–41].
The extended thermodynamic phase space implied by this proposal is well motivated
for a variety of reasons. In the extended phase space both the Smarr relation (which
can be derived geometrically [4]) and the first law of thermodynamics hold, whereas in
the conventional phase space only the latter relation is satisfied for nonzero Λ . Our un-
derstanding of the mathematical physics of black holes is furthermore deepened insofar
as a new conjecture emerges, namely that the thermodynamic volume conjugate to the
pressure satisfies a reverse isoperimetric inequality [9]; thus far this conjecture is satisfied
for all known cases. Furthermore, the use of an extended thermodynamic phase space is
consistent with considering more fundamental theories of physics that admit variation of
physical constants [2, 4, 9]. Finally, comparing the physics of black holes with real world
thermodynamic systems becomes a much more reasonable possibility [37], insofar as tri-
criticality, reentrant phase transitions, and Van der Waals behaviour all have counterparts
in laboratory physics [4–7, 13, 20, 21]; an extensive review of these issues in the context of
rotating black holes was recently carried out in [42].
Corrections to black hole thermodynamics from higher-curvature gravity theories has
also been a subject of long-standing interest. In these theories the entropy is no longer
proportional to the area of the horizon but instead is given by a more complicated re-
lationship depending on higher-curvature terms [43]. The most fruitful (and commonly
explored) class of theories are the Lovelock gravity theories [44], in large part because they
yield differential equations for the metric functions that are second order. While much
work has been done in Lovelock theories for conventional phase space dynamics, the situ-
ation for extended phase space dynamics is not as well understood. Previous work on this
subject has been concerned primarily with 2nd-order Lovelock gravity (quadratic in the
curvature) [30, 32, 35, 36, 45–47], better known as Gauss-Bonnet gravity, in which terms
quadratic in the curvature are added to the action. Van der Waals behaviour has been
shown to occur for this case [46, 47], and tricriticality and reentrant behaviour have been
observed [32] for charged spherically symmetric black holes.
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3rd-order Lovelock gravity (cubic in the curvature) has been considerably less explored.
So far the only investigations have concentrated on a special subclass of theories in which
the various coupling constants obey a particular relationship [48–52] (in our notation below
α2 =
√
3α3). An investigation of this subclass coupled to Born-Infeld electromagnetism
in d = 7 dimensions was shown to reproduce VdW behavior [50]. For black holes with
hyperbolic horizon geometry,1 an interesting ‘reverse VdW behavior’ was noted. For the
uncharged case [51], a single critical point was observed for spherical horizon geometries
in d = 7, whereas two exist for dimensions d = 8, 9, 10, 11 (not necessarily with positive
values of pressure/volume/temperature), and none exist for d ≥ 12; for hyperbolic horizon
geometries there is always only a single critical point in any d ≥ 7.
In this paper we carry out a more extensive study of thermodynamics of Lovelock
gravity. We consider arbitrary values of the coupling constants, and investigate p − v
criticality in d = 5, 6 and higher d Gauss-Bonnet gravity and d = 7, 8 3rd-order Lovelock
gravity. In addition to recovering the aforementioned phenomena, we find a number of
interesting new results. We find that d = 6 is unique to Gauss-Bonnet gravity insofar
as it is the only dimension that admits triple points for charged black holes, in accord
with previous work [32]. We find the existence of a maximal pressure, above which the
black hole spacetime is no longer asymptotically AdS but instead compactifies. We also
show that a ‘thermodynamic singularity’, characterized by ∂p∂t |v=vs = 0, leading to ‘crossing
isotherms’ in the p−v diagram and an infinite ‘jump’ in the Gibbs free energy as the specific
volume v → vs, is generic to the κ = −1 case in Lovelock gravities, whereas it is absent
in Einstein-Maxwell gravity [14]. For k-th order Lovelock gravity there are (k − 1) such
singular points. This singularity — also known as a branch singularity — corresponds to
an extremum of the entropy [55] with respect to the volume. Despite its presence, we are
able to make sense of the thermodynamics of the system. We also observe for d = 7, 8
hyperbolic Lovelock black holes a new phenomenon of multiple RPT behaviour, in which
for fixed pressure the small/large/small/large black hole phase transition occurs as the
temperature of the system increases. Moreover, for special tuned Lovelock couplings in the
hyperbolic case we find a new type of isolated critical point, characterized by new critical
exponents. In other words, the thermodynamics of (charged) Lovelock black holes is much
richer and more interesting than that of the Einstein(–Maxwell) theory.
The outline of our paper is as follows. We begin in section 2 by reviewing Lovelock
gravity and its extended phase space thermodynamics and discuss the corresponding U(1)
charged black hole solutions. Section 3 is devoted to the unified review of Gauss-Bonnet
extended thermodynamics, with particular emphasis on the existence of various bounds
in the hyperbolic case and the existence of thermodynamic singularities. In section 4,
specifying to black holes of 3-order Lovelock gravity in d = 7 and d = 8 dimensions, we
study the corresponding equations of state and illustrate how tricriticality and (multiple)
reentrant phase transitions can occur, a particular case of special tuned Lovelock couplings
is discussed in detail. Our results are summarized in the concluding section 5.
1Such geometries generally yield horizons that are non-compact; however through an appropriate choice
of identifications, they can be rendered compact [53, 54]. We shall assume this throughout this paper.
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2 Lovelock black hole thermodynamics
2.1 Lovelock gravity
Lovelock gravity [44] is a higher derivative theory that has received a lot of attention in
recent years. In any attempt to perturbatively quantize gravity as a field theory, one should
expect that the Einstein-Hilbert action is only an effective gravitational action valid for
small curvature or low energies and that it will be modified by higher-curvature terms.
Among higher derivative gravity theories, Lovelock gravities are the unique theories that
give rise to field equations that are generally covariant and contain at most second order
derivatives of the metric.
In d spacetime dimensions, the Lagrangian of a Lovelock gravity theory is given by [44]
L = 1
16πGN
kmax∑
k=0
αˆ(k)L(k) . (2.1)
The αˆ(k) are the Lovelock coupling constants and L(k) are the 2k-dimensional Euler
densities, given by the contraction of k powers of the Riemann tensor
L(k) = 1
2k
δa1b1...akbkc1d1...ckdkR
c1d1
a1b1
. . . R ckdkakbk , (2.2)
where the ‘generalized Kronecker delta function’ is totally antisymmetric in both sets of
indices. The term L(0) gives the cosmological constant term, L(1) gives the Einstein-
Hilbert action, and L(2) corresponds to the quadratic Gauss-Bonnet term. The integer
kmax =
[
d−1
2
]
provides an upper bound on the sum, reflecting the fact that L(k) con-
tribute to the equations of motion for d > 2k, whereas they are topological in d = 2k,
and vanish identically in lower dimensions. General relativity is recovered upon setting
αˆ(k) = 0 for k ≥ 2.2
The vacuum equations of motion for Lovelock gravity, following from the Lagrangian
density (2.1), are
Gab =
kmax∑
k=0
αˆ(k)G(k) ab = 0 , (2.4)
where the Einstein-like tensors G(k) ab are given by
G(k) ab = −
1
2(k+1)
δa c1d1...ckdkb e1f1...ekfkR
e1f1
c1d1
. . . R ekfkckdk , (2.5)
and each of them independently satisfies a conservation law ∇aG(k) ab = 0 .
2Another interesting limit in odd dimensions arises for the following choice of Lovelock couplings
αp =
ℓ2p−2n+1
2n− 2p− 1
(
n− 1
p
)
p = 1, 2, . . . , n− 1 =
d− 1
2
(2.3)
for which the local Lorentz invariance of the Lovelock action is enhanced to a local (A)dS symmetry and
the theory belongs to the class of Chern-Simons theories [56]. We shall not consider this case here.
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Using the Hamiltonian formalism it is possible to derive the expression for gravita-
tional entropy in Lovelock gravity and the corresponding first law of black hole thermo-
dynamics [57]. More recently, both the first law and the associated Smarr formula in an
extended phase space were obtained exploiting the Killing potential formalism [58]. In the
extended thermodynamic phase space, all Lovelock coupling constants (including the cos-
mological constant αˆ(0)) are considered as thermodynamic variables and allowed to vary in
the first law of black hole thermodynamics. The physical meaning of these variables along
with their conjugates, apart from the cosmological constant which has an interpretation of
pressure and its conjugate variable is an associated volume, remains to be explored.3
2.2 Thermodynamic considerations
In what follows we shall consider Lovelock black holes, charged under a Maxwell field,
F = dA, with the action given by [cf. eq. (2.1)]
I =
1
16πGN
∫
ddx
√−g
(
kmax∑
k=0
αˆ(k)L(k) − 4πGNFabF ab
)
, (2.6)
and the corresponding equations of motion
kmax∑
k=0
αˆ(k)G(k)ab = 8πGN
(
FacFb
c − 1
4
gabFcdF
cd
)
. (2.7)
For a black hole solution, characterized by mass M , charge Q, temperature T , and en-
tropy S, the extended first law and the associated Smarr-Gibbs-Duhem relation read [57, 58]
δM = TδS − 1
16πGN
∑
k
Ψˆ(k)δαˆ(k) +ΦδQ , (2.8)
(d− 3)M = (d− 2)TS +
∑
k
2 (k − 1) Ψˆ
(k)αˆ(k)
16πGN
+ (d− 3)ΦQ . (2.9)
In Lovelock gravity, the entropy is no longer given by one quarter of the horizon area, but
rather reads
S =
1
4GN
∑
k
αˆkA(k) , A(k) = k
∫
H
√
σL(k−1) . (2.10)
Here, σ denotes the determinant of σab, the induced metric on the black hole horizon
H, and the Lovelock terms L(k−1) are evaluated on that surface. Potentials Ψˆ(k) are the
thermodynamic conjugates to αˆ(k)’s and are given by
Ψˆ(k) = 4πTA(k) + B(k) +Θ(k) , (2.11)
where
B(k) = −16πkGNM(d− 1)!
b(d− 2k − 1)!
(
− 1
ℓ2
)k−1
, b =
∑
k
αˆkk(d− 1)!
(d− 2k − 1)!
(
− 1
ℓ2
)k−1
,
Θ(k) =
∫
Σ
√−gL(k)[s]−
∫
ΣAdS
√−gAdSL(k)[sAdS] , (2.12)
3A similar situation was seen to occur in Born-Infeld electrodynamics, in which the thermodynamics
conjugate to the Born-Infeld coupling constant was interpreted as vacuum polarization [14].
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and ℓ stands for the AdS radius; it is a non-trivial function of the ‘bare’ cosmological
constant Λ = −αˆ0/2 and the higher-order Lovelock couplings. Σ is a spatial hypersurface
spanning from the black hole horizon to spatial infinity, with timelike unit normal na and
induced metric sab = gab+nanb; quantities with “AdS subscript” are pure AdS space coun-
terparts of the corresponding black hole spacetime quantities, with no internal boundary
and the same αˆ0.
In what follows we identify the (negative) cosmological constant Λ = −αˆ0/2 with the
thermodynamic pressure and the conjugate quantity Ψˆ(0) with the thermodynamic volume
V , according to
P = − Λ
8πGN
=
αˆ0
16πGN
, V = −Ψˆ(0) . (2.13)
With this identification, the mass M of the black hole is interpreted as an enthalpy rather
than the internal energy [4, 37].
2.3 Charged black holes
Concentrating on the static charged spherically symmetric AdS Lovelock black holes, we
employ the following ansatz
ds2 = −f (r) dt2 + f (r)−1 dr2 + r2dΩ2(κ)d−2 , F =
Q
rd−2
dt ∧ dr , (2.14)
where dΩ2(κ)d−2 denotes the line element of a (d− 2)-dimensional compact space with con-
stant curvature (d− 2)(d− 3)κ, with the horizon geometry corresponding to κ = 0,+1,−1
for flat, spherical, hyperbolic black hole horizon geometries respectively. Denoting by Σ
(κ)
d−2
the finite volume of this compact space, a (d− 2)-dimensional unit sphere Σ(κ)d−2 takes the
following standard form:
Σ
(+1)
d−2 =
2π(d−1)/2
Γ
(
d−1
2
) . (2.15)
In terms of the rescaled Lovelock coupling constants
α0 =
αˆ(0)
(d− 1) (d− 2) , α1 = αˆ(1) , αk = αˆ(k)
2k∏
n=3
(d− n) for k ≥ 2 , (2.16)
the field equations (2.7) reduce to the requirement that f (r) solves the following polynomial
equation of degree kmax [59–65]
P (f) =
kmax∑
k=0
αk
(
κ− f
r2
)k
=
16πGNM
(d− 2)Σ(κ)d−2rd−1
− 8πGNQ
2
(d− 2)(d− 3)
1
r2d−4
. (2.17)
Here M stands for the ADM mass of the black hole and Q is the electric charge, given by
Q =
1
2Σ
(κ)
d−2
∫
∗F . (2.18)
Even without knowing f = f(r) explicitly, it is possible, using the Hamiltonian formal-
ism [62, 66], to find the thermodynamic quantities characterizing the black hole solution.
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Let r+ denotes the radius of the event horizon, determined as the largest root of f (r+) = 0.
The black hole mass M , the temperature T , the entropy S, and the gauge potential Φ are
given by [62]
M =
Σ
(κ)
d−2 (d− 2)
16πGN
kmax∑
k=0
αkκ
krd−1−2k+ +
Σ
(κ)
d−2
2(d− 3)
Q2
rd−3+
, (2.19)
T =
|f ′(r+)|
4π
=
1
4πr+D(r+)
[∑
k
καk(d−2k−1)
(
κ
r2+
)k−1
− 8πGNQ
2
(d− 2)r2(d−3)+
]
, (2.20)
S =
Σ
(κ)
d−2 (d− 2)
4GN
kmax∑
k=0
kκk−1αkrd−2k+
d− 2k , Φ =
Σ
(κ)
d−2Q
(d− 3)rd−3+
, (2.21)
where
D(r+) =
kmax∑
k=1
kαk
(
κr−2+
)k−1
. (2.22)
The leading term in the expression for S is one-quarter the horizon area; the other terms
come from higher-curvature contributions. Note that S does not explicitly depend on the
cosmological constant or the charge Q.
Using the expression for M , we find the following formulae for the potentials Ψ(k)
conjugate to αk, δM = TδS +ΦδQ+
∑
kΨ
(k)δαk:
Ψ(k) =
Σ
(κ)
d−2(d− 2)
16πGN
κk−1rd−2k+
[
κ
r
− 4πkT
d− 2k
]
, k ≥ 0 . (2.23)
Returning back to the αˆ(k) couplings we get the thermodynamic volume
V = −Ψˆ(0) = 16πGNΨ
(0)
(d− 1)(d− 2) =
Σ
(κ)
d−2r
d−1
+
d− 1 , (2.24)
while the other potentials read
Ψˆ(1) = Ψ(1) , Ψˆ(k) = −16πGN
2k∏
n=3
(d− n)Ψ(k) , k ≥ 2 . (2.25)
One can then verify that the Smarr relation (2.9) and the first law (2.8) are satisfied.
Note that αˆ(1) effectively captures a possible change in the gravitational constant GN ;
the corresponding potential Ψˆ(1) does not contribute to the Smarr relation but modifies
the first law.
In what follows we shall treat the couplings αk for k ≥ 1 as fixed external parame-
ters and treat only the cosmological constant and hence α0 as a thermodynamic variable.
Using (2.13) and (2.24), this allows us to reinterpret equation (2.20) as the “fluid equation
of state”
P = P (V, T,Q, α1, . . . , αkmax)
=
d− 2
16πGN
kmax∑
k=1
αk
r2+
(
κ
r2+
)k−1 [
4πkr+T − κ(d− 2k − 1)
]
+
Q2
2α1r
2(d−2)
+
, (2.26)
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and study the possible phase transitions based on the behavior of the Gibbs free energy in
the ‘canonical ensemble’, given by [58] (see also [67] for the Euclidean action calculation)
G =M − TS = G(P, T,Q, α1, . . . , αkmax) . (2.27)
The thermodynamic state corresponds to the global minimum of this quantity for fixed
parameters P, T,Q and α’s.
Before we start our thermodynamic analysis, let us pause to make a few remarks
regarding the parameter space for the Lovelock couplings. In principle, one may consider
αk to have arbitrary positive or negative values. However, for cubic (or higher order)
Lovelock gravities, there are entire regions of the parameter space where there are no black
holes at all, even if there is a well defined AdS vacuum. This is a feature that does not
take place in Gauss-Bonnet gravity. Up to now, most of the information needed to clarify
the existence of black hole solutions for different values of the Lovelock couplings has relied
on the behaviour of cubic polynomials, see, e.g., eq. (2.17) in [68], or on the AdS/CFT
calculations [69, 70]. In particular, for 3rd-order Lovelock gravity, negative values of αk
yield solutions with naked singularities over a broad parameter range [71]. Moreover, in
the low energy effective action of heterotic string theory α2 is proportional to the inverse
string tension and hence is positive. For all these reasons we limit ourselves in this paper
to considering only positive Lovelock couplings α2 > 0 and α3 > 0; from now on we also
set α1 = 1 to recover general relativity in the small curvature limit and put GN = 1.
We close this section by noting two phenomena present for hyperbolic black holes,
κ = −1. First, for such black holes a ‘thermodynamic singularity ’ (also known as a branch
singularity [55]), characterized by
∂P
∂T
∣∣∣
V=Vs
= 0 , (2.28)
will be present. In the P − V diagram, which is a 2d projection of the 3d P = P (V, T )
relation, the isotherms will cross at V = Vs. The above relations lead to the condition
D(r+)|TD singularity =
kmax∑
k=1
k αk

κd−1
[
Σ
(κ)
d−2
(d− 1)Vs
]2
k−1
d−1
= 0 , (2.29)
upon using (2.24). For κ = −1, this equation will have at least one real solution for k ≥ 2,
and will have up to (k − 1) distinct solutions in k-th order Lovelock gravity. This generic
situation stands in contrast to k = 0 Einstein-Maxwell gravity, where it is absent [14].
It is clear upon inspection of equations (2.20) and (2.27) that both the temperature
and the Gibbs free energy diverge at V = Vs (M and S are finite for all values of P and V ),
apart from a very special choice of the pressure P = Ps for which both T and G are finite
and T takes the special value T = Ts. By taking the derivative of the entropy (2.21) with
respect to r+ it straightforward to show that the entropy is maximized here as well [55]. It
is easy to see that, apart from P = Ps, the thermodynamic singularity reflects the presence
of a curvature singularity of the Riemann tensor, since the Kretschmann scalar at the
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horizon is
K(r+) = RabcdR
abcd|r=r+ =
[(
d2f
dr2
)2
+
2(d− 2)
r2
(
df
dr
)2
+
2(d−2)(d−3)
r4
]
r=r+
. (2.30)
However by analytically continuing around (Ps, Vs, Ts) one can not only make sense of
thermodynamics but also show that the Kretschmann scalar is finite. We shall discuss
this for the concrete example of d = 5 Gauss-Bonnet black hole in the next section. We
examine another very interesting special case in section 4.5.
Second, we note that when κ = −1 the entropy S, given in (2.21), is not always
positive. Demanding its positivity imposes the following condition:
kmax∑
k=1
kκk−1αkrd−2k+
d− 2k =
kmax∑
k=1
kκk−1αk
d− 2k
[
(d− 1)V
Σ
(κ)
d−2
] d−2k
d−1
≥ 0 . (2.31)
In what follows we consider the black holes with negative entropy as unphysical and exclude
them from thermodynamic considerations.
3 P − v criticality in Gauss-Bonnet gravity
Before we proceed to 3rd-order Lovelock gravity, in this section we recapitulate and slightly
elaborate on the behaviour of U(1) charged Gauss-Bonnet black holes [30, 32, 35, 36, 46, 47].
We first concentrate on d = 5 and d = 6, the lowest possible two dimensions where the
Gauss-Bonnet theory brings new qualitative features, and then briefly discuss what happens
in higher dimensions. We will show that only for d = 6 does the phase diagram admit a
triple point. In all higher dimensions ‘only’ the standard VdW behaviour is observed.
3.1 Maximal pressure and other conditions
Only for sufficiently small pressures does the solution (2.14) possesses an asymptotic ‘AdS
region’. To see this, consider equation (2.17), which for Gauss-Bonnet gravity reduces to
a quadratic equation for f
α2
(κ− f)2
r4
+
(κ− f)
r2
+ α0 − 16πM
(d− 2)Σ(κ)d−2rd−1
+
8πQ2
(d− 2)(d− 3)r2d−4 = 0 , (3.1)
resulting in two solutions, f±; it is f− that approaches the Einstein case when the Gauss-
Bonnet coupling α2 → 0. We call the corresponding branch the ‘Einstein branch’ whereas
we refer to the black holes corresponding to f+ as the ‘Gauss-Bonnet branch’.
The requirement for the existence of f± for large r yields the following necessary
condition:
1− 4α0α2 ≥ 0 . (3.2)
When this inequality is violated, the nonlinear curvature is too strong, and the space
becomes compact: there is no asymptotic ‘AdS region’ and hence no ‘proper’ black hole
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d=5: p<p_max
x=sqrt(2)
m=2
m=–8
m=–8
m=2
f-
f+
x
f
–2
0
2
4
2 4 6 8
x=sqrt(2)
f-
f+
d=5: p>p_max
f-(p<pm)
f+(p<pm)
x
f
–2
0
2
4
2 4 6
Figure 1. Metric functions f± for d = 5, q = 0, κ = −1. Metric functions f± are displayed
as function of x = r/
√
α2 for fixed pressure p =
1
5
pmax on the left by red and black curves for
m = −8,−4,−4/5,−0.2, 0, 0.7, 2 (following red curves from up down) and right for p = 3
2
pmax
by green and blue curves for m = 0.1, 0.7, 2 from ‘inside out’ (these only exist for m > 0). For
p < pmax we have an asymptotic AdS region, with the red curve for f− and black curve for f+ each
growing like r2 for large r. However, for p > pmax the nonlinear curvature is too strong, and the
space becomes compact — there is no asymptotic ‘AdS region’, and the green and blue curves now
portray this situation. Note that for p < pmax, f− has a zero for x ≥
√
2; x =
√
2 is displayed by
the vertical black dashed line. For κ = +1 all the curves are shifted upwards by 2: consequently
there are no zeros for f+ and there is no minimal bound on horizon radius of the Einstein branch.
with ‘standard’ asymptotics, as illustrated in figures 1 and 2. In terms of the following
dimensionless variables
r+ = v α
1
2
2 , T =
tα
− 1
2
2
d− 2 , m =
16πM
(d− 2)Σ(κ)d−2α
d−3
2
2
, Q =
q√
2
α
d−3
2
2 , P =
p
4α2
, (3.3)
this imposes the important bound (see also [46])
p ≤ pmax = (d− 1)(d− 2)
16π
(3.4)
on the validity of any p − v analysis. This bound applies to both κ = ±1 cases, and is
the same bound that for ensuring that transverse-traceless excitations of the metric about
an AdS vacuum are not ghostlike [72], and forms a critical threshold beyond which the
qualitative behaviour of the masses and angular momenta of boson stars changes from its
spiral-like AdS pattern [73]. Since in our considerations the pressure is allowed to vary,
one might wonder if there a phase transition from the AdS case to the compact case as we
cross p = pmax. We shall return to this speculation in the discussion section.
For κ = −1 Gauss-Bonnet black holes, the thermodynamic singularity discussed above
(see eq. (2.29)) occurs for
v = vs =
√
2 , (3.5)
for which the black hole temperature and the Gibbs free energy both diverge. This cor-
responds to a branch-cut singularity between the Einstein and Gauss-Bonnet branches,
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Figure 2. Metric functions f± for d = 8 and κ = −1. Left: the behavior of f± for d > 5 remains
qualitatively similar to d = 5 except f+ approaches infinity as x→ 0. Right: when charge is added,
functions f± do not extend all the way to x → 0 but rather terminate at a finite xmin. Similar to
the previous figure we have set p = 1
5
pmax for red and black curves and p =
3
2
pmax for blue and
green curves.
which meet where the metric function has an infinite slope, as shown in figure 1 for q = 0
for which m = ms = −1 + 4πp/3. Black holes in the Einstein branch always have v >
√
2,
whereas v ≤ √2 corresponds to the Gauss-Bonnet branch; ‘crossing’ from v > √2 to
v <
√
2 corresponds to ‘jumping’ from the Einstein to the Gauss-Bonnet branch. We de-
pict the behaviour of metric functions f± for q = 0 in figure 1 and for more general case
refer the reader to the thorough discussion of spacetime structure in [74, 75]; see also recent
papers [76, 77] for a discussion of causal structures.
Finally, the non-negativity of S, eq. (2.31), requires that for κ = −1 we must have
v ≥ vS+ =
√
2 +
4
d− 4 . (3.6)
Since this implies that in any dimension v >
√
2, we see that the Gauss-Bonnet branch black
holes never satisfy this bound and all have negative entropy; these black holes are known
to be unstable [59] and we eventually exclude them from thermodynamic considerations.
3.2 Equation of state
For the Gauss-Bonnet gravity, the equation of state (2.26) reads
P =
(d− 2)T
4r+
− (d− 2)(d− 3)κ
16πr2+
+
(d− 2)α2κT
2r3+
− (d− 2)(d− 5)α2κ
2
16πr4+
+
Q2
2r
2(d−2)
+
, (3.7)
or in terms of the variables (3.3), the dimensionless equation of state is
p =
t
v
− (d− 2)(d− 3)κ
4πv2
+
2κt
v3
− (d− 2)(d− 5)κ
2
4πv4
+
q2
v2(d−2)
. (3.8)
The crucial information about the equation of state is encoded in the number of critical
points it admits. A critical point occurs when p = p(v) has an inflection point, i.e., when
∂p
∂v
= 0 ,
∂2p
∂v2
= 0 . (3.9)
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Together with the equation of state (3.8) this determines the critical values (pc, vc, tc) as
functions of q and κ. Obviously, no critical points occur when κ = 0: the planar Gauss-
Bonnet black holes, and in fact any planar black holes of higher-order Lovelock gravity in an
arbitrary number of spacetime dimensions do not admit critical behavior. In what follows,
we therefore concentrate on κ = ±1, each of them bringing us new qualitative features.
To find a critical point we have to solve (higher-order polynomial) eqs. (3.9) for tc, vc
and insert the result into the equation of state (3.8) to find pc, subject to the restriction that
pc, vc, tc are all positive in order the critical point be physical. Solving the first equation
in (3.9) for tc yields
tc =
(d− 2)vc
2π(v2c + 6κ)
[
(d− 3)κ+ 2(d− 5)
v2c
− 4πq
2
v
2(d−3)
c
]
. (3.10)
The second equation in (3.9) then becomes
(d− 3)v2d−4c − 12κv2d−6c + 12(d− 5)v2d−8c − 4κπq2(2d− 5)v2c − 24πq2(2d− 7) = 0 . (3.11)
To get an upper estimate on the number of critical points, without actually having to solve
this equation, we apply Descartes’ rule of signs.4 For example, we see that for κ = +1 we
have at most three sign variations and hence can have at most three critical points with
positive vc, whereas we have at most one critical point for κ = −1. To determine the exact
number and nature of physical critical points we proceed numerically (or analytically if
possible), checking the positivity of (pc, vc, tc).
The dimensionless counterpart g, of the Gibbs free energy, (2.27) is
g =
1
Σ
(κ)
d−2
α
3−d
2
2 G = g(t, p, q) (3.12)
and reads
g = − 1
16π(2κ+ v2)
[
4πpvd+1
(d− 1)(d− 2) − κv
d−1 +
24πκpvd−1
(d− 1)(d− 4) −
(d− 8)vd−3
d− 4
−2κ(d− 2)v
d−5
d− 4
]
+
q2
[
(2d− 5)(d− 4)v2 + 2κ(d− 2)(2d− 7)]
4(d− 2)(d− 3)(d− 4)(2κ+ v2)vd−3 . (3.13)
The thermodynamic state corresponds to the global minimum of this quantity for fixed
t, p and q.
3.3 Five dimensions
In five dimensions we have the following equation of state:
p =
t
v
− 3κ
2πv2
+
2κt
v3
+
q2
v6
, (3.14)
4This rule states that the maximum number of positive roots of a polynomial, when written in descending
order of exponents, is no more than the number of sign variations in consecutive coefficients, and differs
from this upper bound by an even integer [78, 79].
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and eqs. (3.10) and (3.11) reduce to
tc =
3(κv4c − 2πq2)
πv3c (v
2
c + 6κ)
, v6c − 6κv4c − 10πκq2v2c − 36πq2 = 0 . (3.15)
The maximal pressure reads
pmax =
3
4π
≈ 0.2387 , (3.16)
and for κ = −1 black holes we demand v ≥ vS+ =
√
6 to have positive entropy.
3.3.1 Spherical case: VdW behavior
In the uncharged (q = 0) case, an analytic solution for the critical point is possible and
reads
pc =
1
12π
, tc =
√
6
4π
, vc =
√
6 . (3.17)
Note that pc = pmax/9. We get standard VdW-like behavior — similar to the Einstein-
Maxwell case [13, 14] — as shown in figure 3. Namely, we observe the characteristic
p − v diagram and the classical swallowtail behavior of the Gibbs free energy. For p < pc
there is a first order phase transition between small and large black holes that eventually
terminates at a critical point (3.17) where the phase transition becomes second order and
is characterized by the standard swallowtail mean field theory critical exponents
α˜ = 0 , β˜ =
1
2
, γ˜ = 1 , δ˜ = 3 . (3.18)
The whole situation is reminiscent of the liquid/gas phase transition of the Van der Waals
fluid [13, 14].
Even in the charged case an analytic solution for a critical point is possible — eq. (3.15)
effectively represents a cubic equation for v2c . However it is easy to see using the rule of
signs that there is exactly one sign change between the successive coefficients of (3.15),
and hence we may have up to one critical point. Similar to the uncharged case, we observe
(but do not display) standard VdW behavior.
3.3.2 Hyperbolic case: thermodynamic singularity
In the hyperbolic case there is no critical point when q = 0, whereas we have one critical
point in the charged case. Imposing the maximal pressure p < pmax and positive entropy
(v > vS+ =
√
6) constraints, we observe in either case ‘ideal gas’ behaviour — without
any criticality [46]. This is because i) the thermodynamic singularity always occurs for the
branch of black holes with negative entropy and ii) the critical point always has pc > pmax.
These two statements remain true for Gauss-Bonnet black holes in all higher dimensions;
in particular, the thermodynamic singularity does not play any significant role in their
thermodynamics.5 However it is instructive to look at what happens as we approach the
thermodynamic singularity, as it will be present for physical (positive entropy) 3rd-order
Lovelock black holes studied in the next section.
5For the d > 5 charged case, we may, however, observe the VdW-like with pc > pmax behavior.
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g
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g
t
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Small BH
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Critical Point
0
0.01
0.02
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0.1 0.2
Figure 3. Van der Waals behaviour: d = 5, q = 0, κ = 1. Top left : the p − v diagram. The
oscillatory part of isotherm t < tc (blue curve) is replaced by the curves joined via the intermediate
straight line according to Maxwell’s equal area law. Top right: the Gibbs free energy g = g(p, t)
demonstrates the classic swallowtail behavior for p < pc. Bottom left: the g − t diagram displays
the p = const. slices of the Gibbs free energy. Note that pmax is much larger than pc and hence
is not displayed in this figure. Bottom right: the p − t diagram. The coexistence line of the first-
order phase transition terminates at a critical point. The overall situation in all these graphs is
reminiscent of the liquid/gas phase transition of the Van der Waals fluid.
To get a grasp of what is happening at the thermodynamic singularity we display the
p(v, t) diagram for q = 0 and q = 0.1 and its 2-dimensional t = constant slices (p − v
diagrams) in figure 4. Ostensibly there is nothing unusual happening in the p(v, t) graph.
Upon closer inspection, however, we find that at v = vs =
√
2, the pressure remains
constant for any temperature, i.e., we have
∂p
∂t
∣∣∣∣
v=vs
= 0 . (3.19)
Consequently the corresponding p − v diagrams display ‘singular points’ where all the
isotherms cross and ‘reverse’. Namely, whereas for v > vs the hotter isotherm corresponds
to a higher pressure, the converse holds after ‘crossing’ the thermodynamic singularity,
i.e., for v < vs the cooler isotherms correspond to higher pressure. In fact, for a generic
thermodynamic singularity one can define a thermodynamic singular point at (ps, vs, ts)
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Figure 4. p(v, t) and p − v diagrams: Gauss-Bonnet d = 5, κ = −1. Left: p(v, t) diagrams
displayed for q = 0 (top) and q = 0.1 (bottom). The grey colour corresponds to v < vs =
√
2, red
to v ∈ (vs, vS+), and green to physical black holes with v > vS+ =
√
6. Note that at v = vs we
have ∂p/∂t = 0 showing the presence of thermodynamic singularity. Right: corresponding p − v
diagrams. In this 2d (t = const.) projection the thermodynamic singularity at v = vs is manifest as
a ‘singular point’ where all the isotherms cross and reverse. Note also the maximal pressure pmax
and the reverse VdW behavior for q = 0.1.
from the following equations:
ps = ps(vs, ts) ,
∂p
∂t
∣∣∣∣
v=vs
= 0 ,
∂p
∂v
∣∣∣∣
t=ts
= 0 , (3.20)
with the first equation being the equation of state. In particular, for Gauss-Bonnet gravity
in d dimensions we get
ps = pmax +
4q2
2d
, vs =
√
2 , ts = (d− 2)
√
2
[
1
4π
+
q2
2d−2
]
(3.21)
which in turn implies that the mass of the black hole vanishes for q = 0. This singular-
ity point plays a very important role for the behavior of the Gibbs free energy and its
characteristic reconnection as discussed in the next paragraph. Note also that ts is the
correspondingly rescaled Ts, defined previously by the limiting process, cf. discussion be-
fore (2.30). (The same is also true for 3rd-order Lovelock black holes discussed in the next
section.)
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Figure 5. Gibbs free energy and its characteristic ‘reconnection’. The first diagram displays the
Gibbs free energy g(p, t) for d = 5, κ = −1 and q = 0. The grey colour corresponds to black holes
with v < vs, the red to black holes with v > vs. The remaining diagrams show the corresponding
g − t diagrams for p = 0.18, ps, 0.245, from top right to bottom right; the middle pressure is
the reconnection pressure for which the Gibbs free energy no longer diverges at v = vs. As the
pressure is increased, the two branches, black (v < vs) and red (v > vs), touch and then reconnect
forming a new asymptotic structure. Qualitatively similar behavior happens at any thermodynamic
singularity.
In the presence of a thermodynamic singularity the Gibbs free energy g = g(p, t)
displays complicated behavior, depicted for q = 0 and d = 5 in figure 5, such that the 2d
p = constant slices ‘reconnect’. As the size of the black hole v approaches vs from left or
right, both the Gibbs and the temperature diverge to plus minus infinity. However both are
finite at p = ps; one can show that at p = ps the Gibbs free energy is ‘smooth’ and finite at
v = vs, whereas it diverges here for pressures slightly different from ps. At the same time,
as we increase the pressure, the two asymptotic branches (v < vs and v > vs) approach
each other, merge together at (p = ps, t = ts), reconnect, and change their asymptotic
behaviour, as displayed in figure 5.
Let us consider two examples. First we consider the case q = 0, d = 5. In this case
ps =
3
4π
, vs =
√
2 , ts =
3
√
2
4π
, (3.22)
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and the expansion of the Gibbs free energy and the temperature, expressed as functions of
p and v, yields,
g(vs + dv, ps + dp) =
√
2
3
dp
dv
+
1
2π
+O(dp, dv) ,
t(vs + dv, ps + dp) =
dp
dv
+ ts +O(dp, dv) (3.23)
as claimed. However, the Gibbs free energy is naturally expressed as function of p and t
rather than p and v, giving
g(ts + dt, ps + dp) =
√
2
3
dt+
1
2π
+O(dp, dt) , (3.24)
which is smooth. At the same time it can be shown that f ′′(r+) (and thus the Kretschmann
scalar) on the black hole horizon is finite at ps and so the tidal forces on the horizon
are finite.
As a second example, consider a very special case when the critical point coincides
with the thermodynamic singular point. This happens for
qc =
√
2
π
, pc =
1
π
, vc =
√
2 , tc =
3
√
2
2π
. (3.25)
Around this point we have the following expansion of the Gibbs and temperature, expressed
as functions of p and v:
g(vc + dv, pc + dp) =
√
2
3
dp
dv
+
19
16π
+O(dp, dv) ,
t(vc + dv, pc + dp) =
dp
dv
+ tc +O(dp, dv) . (3.26)
Expressing again g as a function of p and t, we get
g(tc + dt, pc + dp) =
√
2
3
dt+
19
16π
+O(dp, dt) , (3.27)
which is smooth. Despite the thermodynamics appearing to be well defined near this
critical point, contrary to the previous case (and in fact whenever the charge q is non-zero)
one can show that the black hole horizon becomes singular, as the Kretschmann scalar is
not well behaved here and diverges (2.30).
Qualitatively similar interesting features, such as reconnection and finiteness of the
Gibbs free energy at p = ps, are observed for thermodynamic singularities in higher di-
mensions and higher-order Lovelock gravity. The very special case discussed in section 4.5
where two thermodynamic singularities coincide together allows for even more interesting
behaviour as we shall later demonstrate. We stress again that in the case of Gauss-Bonnet
black holes, one of the black hole branches is always unphysical as it possess a negative
entropy. Hence the behaviour described above is only a toy example of what we shall see
in the case of 3rd-order Lovelock gravity.
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q # apparent critical points # physical critical points behavior
0 1 0 cusp
(0, qmin) 3 0 VdW with pc > pmax
(qmin, q1) 3 1 VdW
(q1, q2) 3 2 triple point
(q2, q3) 3 1 VdW
q > q3 1 1 VdW
Table 1. Types of physical behavior in d = 6 Gauss-Bonnet κ = +1 case.
Finally we discuss the ‘reverse VdW behavior’ that happens in the charged case, for
q < qc =
√
2
pi , as observed in figure 4. For such charges the critical point occurs for
v < vs, i.e., in the region of reversed isotherms. Consequently, the characteristic VdW-like
oscillations in the p − v diagram now occur for t > tc rather than t < tc as is the case of
normal VdW. All this is of course unphysical as pc > pmax and the corresponding black
holes have negative entropy. However, we shall see in the next section that a physical
reverse VdW behaviour is observed for 3rd-order hyperbolic Lovelock black holes — noted
previously for a restricted class of 3rd-order Lovelock gravity theories [50, 80].
3.4 Six dimensions
In d = 6 we obtain the following equation of state:
p =
t
v
− 3κ
πv2
+
2κt
v3
− 1
πv4
+
q2
v8
, (3.28)
while the critical point satisfies
tc =
2
(
3κv6c + 2v
4
c − 4πq2
)
πv5c (v
2
c + 6κ)
, 3v8c − 12κv6c + 12v4c − 4πq2
(
7κv2c + 30
)
= 0 . (3.29)
The maximum pressure is pmax =
5
4pi ≈ 0.3979 and for κ = −1 only black holes with
v > vS+ = 2 have positive entropy.
3.4.1 Spherical case: triple point
The types of physical behavior for d = 6 Gauss-Bonnet black holes with spherical horizon
topology are summarized in table 1. In the uncharged case an analytic solution of (3.29)
is possible and gives
pc =
1
4π
, tc =
√
2
π
, vc =
√
2 . (3.30)
Here we find a curious situation insofar as the solution (3.30) is an inflection point in the
P − v diagram that corresponds to a cusp in g at gc =
√
2
20pi . Hence it does not correspond
to a real critical point and no phase transition takes place. We illustrate this in figure 6.
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Figure 6. Thermodynamics in d = 6: q = 0, κ = 1. The p− v diagram (left) admits an inflection
point (with the corresponding isotherm highlighted by the thick solid black curve) which however
does not correspond to a critical point but rather to a cusp in g as displayed in g − t diagram on
the right.
Triple point. When q > 0, eq. (3.29) admits three sign changes and so we may have up
to 3 critical points. In fact, one can show that for for q > q3 =
2
147
√
110
pi ≈ 0.08051 there is
only one critical point corresponding to the standard VdW behavior, whereas for q < q3,
there exist 3 critical points with positive pc, vc and tc. However, not all of these critical
points occur for a branch globally minimizing the Gibbs free energy or have pc < pmax (see
figure 7); hence these points are not ‘physical’. Consequently only for the much smaller
range, q ∈ (q1, q2) ≈ (0.0680, 0.0775), may we observe two first-order small/intermediate
and intermediate/large black hole phase transitions that, as the pressure is decreased,
eventually merge in a tricritical (triple) point. The triple point for example occurs for
q = 0.075 , p3c = 0.07791 , t3c = 0.4486 , (3.31)
where small (v1 = 0.72165), intermediate (v2 = 1.07614) and large (v3 = 1.9491) black
holes coalesce. In the p − v diagram this corresponds to a special isotherm for which we
observe two Van der Waals oscillations such that the two equal area laws saturate for the
same tricritical pressure p3c, as shown in figure 8 on the left. (A similar interpretation takes
place in the T − v plane, not-shown.) Alternatively, for a fixed pressure the triple point
corresponds to a ‘double swallow tail’ of the Gibbs free energy, as displayed in figure 9. The
situation is similar to what was observed for rotating black holes [21] and in some sense
is reminiscent of a solid/liquid/gas phase transition [42]. In the context of Gauss-Bonnet
gravity this phenomenon was first observed in [32].
3.4.2 Hyperbolic case
The thermodynamic behavior of (un)charged hyperbolic black holes in d = 6 dimensions is
very similar to what happens in the d = 5, κ = −1 (un)charged case. The only difference is
that in d > 5 dimensions and for sufficiently large charge, vc may occur for positive entropy
black holes, vc > vS+. Consequently, we may observe a VdW-like behavior, however with
pc > pmax.
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Figure 7. Critical points and a triple point: d = 6, κ = 1. Left: critical volume vc is displayed
for up to three critical points. Whereas for q < q3 there exists 3 (not necessarily physical) critical
points, for larger q there exists only one. Right: critical pressure is displayed by thick solid lines for
various physical critical points; the dashed curves correspond to unphysical critical points which do
not globally minimize the Gibbs free energy g. For q < q1 the system exhibits one critical point,
displayed by solid thick blue curve. Note that as q → 0 the corresponding pc1 rapidly rises and
quickly exceeds the maximal pressure pmax resulting in a minimal q = qmin below which the critical
point 1 is no longer physical. For q ∈ (q1, q2) we observe two critical points; the corresponding
first-order phase transitions eventually merge in a triple point displayed by a thick solid red curve.
Finally, for q > q2 the system again admits only one physical critical point, displayed by solid thick
black curve.
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Critical point 1
Critical point 2
0.075
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Figure 8. A triple point: d = 6, κ = 1. Left : the triple point in the p− v diagram corresponds to
an isotherm for which a ‘double’ Maxwell equal area holds for the same pressure; q = 0.075. Right:
p − t phase diagram. We observe two critical points and a triple point; q = 0.071. The first-order
phase transition in the left low corner eventually terminates at [0, 0].
3.5 Higher dimensions
Remarkably, one can show that the existence of a triple point in d = 6 is an exceptional
case that has no counterpart in higher dimensions. In fact, in all d > 6 dimensions one
observes at most one critical point, accompanied in the κ = +1 case by standard VdW
behavior and in the κ = −1 case by the ideal gas or potentially VdW-like with pc > pmax
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Figure 9. The Gibbs free energy of a triple point: d = 6, q = 0.075, κ = 1. Left: 3d graph of the
Gibbs free energy exhibits two swallow tails merging together to form a single swallow tail. Right:
a 2d p = const slice of the left figure. The red curve shows two swallow tails indicating the presence
of the two first-order phase transition that as the pressure decreases eventually merge (black curve)
to form a triple point.
behavior (the reverse VdW may also be present but it is unphysical as it involves black
holes with negative entropy.)
To prove that no triple point can exist, let us return back to the equation (3.11), which
we equivalently write as w1 = w2, where
w1 ≡ (d− 3)v2d−4c − 12κv2d−6c + 12(d− 5)v2d−8c ,
w2 ≡ 4πq2
[
κ(2d− 5)v2c + 6(2d− 7)
]
, (3.32)
with w2 describing the charge-dependent part. This is illustrated in figure 10 for d = 5, 6, 7
and κ = ±1; we clearly see that only in the second (d = 6, κ = +1) case more than one
critical point is possible.
More generally in any d, since g is monotonic, the existence of multiple intersections
of w1 and w2 requires that w1 oscillates over a certain range of sufficiently small vc. The
existence of maxima/minima of w1 requires that
∂w1
∂vc
= 0 ⇒ 0 = (d− 2)(d− 3)v4c − 12κ(d− 3)v2c + 12(d− 4)(d− 5) . (3.33)
This is a quadratic equation in v2c whose discriminant is independent of κ = ±1 and reads
∆GB = −48(d− 3)
(
d3 − 11d2 + 35d− 31) . (3.34)
It is positive for d = 5, 6 and negative for d > 6. Therefore we have shown that in all
dimensions d > 6 there can only be at most one critical point. In fact, this critical point
always exists and is characterized by positive (pc, vc, tc).
However, as noted in [46], for κ = +1 and any fixed d ≥ 6, as q is lowered the
corresponding critical pressure increases and for q < qm it exceeds the maximal pressure.
We therefore have a limit on how small the charge q of the black hole in a given dimension
d can be in order that criticality (and hence VdW behavior) exists. The situation is
illustrated in figure 11. For κ = −1 we always have pc > pmax.
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Figure 10. w1 and w2 for κ = 1 (left column) and κ = −1 (right column). Only in the case of
d = 6, κ = 1 is there more than one intersection of w1 and w2, allowing for more than one critical
point. Note that all the displayed critical points in the κ = −1 case have negative entropy. This is
not necessarily the case in d > 5 dimensions for sufficiently large q.
4 P − v criticality in 3rd-order Lovelock gravity
We now consider thermodynamic phenomena of U(1) charged black holes in 3rd-order
Lovelock gravity. After some general considerations we concentrate on d = 7 and d = 8, the
lowest two dimensions for which 3rd-order Lovelock theory brings new qualitative features.
4.1 Maximal pressure and other conditions
We have seen in Gauss-Bonnet gravity that the requirement for the existence of an asymp-
totic ‘AdS region’ imposes an important bound on how high the cosmological pressure
can be in order that the solution not collapse into a compact region. Here we discuss an
analogous condition for 3rd-order Lovelock gravity.
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Figure 11. Minimum q, κ = +1. For d ≥ 6 there exists a minimal qm such that for q < qm
the critical pressure pc of the critical point exceeds the maximal pressure pmax, resulting in an
unphysical critical point. This is displayed for d = 6, . . . , 16.
In the 3rd-order Lovelock case we have the following cubic equation for the metric
function f :
α3
(κ− f)3
r6
+ α2
(κ− f)2
r4
+
(κ− f)
r2
+A0(r) = 0 ,
A0(r) = α0 − 16πM
(d− 2)Σ(κ)d−2rd−1
+
8πQ2
(d− 2)(d− 3)r2d−4 , (4.1)
whose solution is
f = κ+
r2√
α3
X , (4.2)
where X is a solution to the equation X3 − α2√α3X2 + X −
√
α3A0(r) = 0. We label the
resulting three solutions fe, fgb and fl. Upon successively taking the limit α3 → 0 and then
α2 → 0, the solution fe approaches the Einstein branch f− studied in the previous section,
fgb approaches the Gauss-Bonnet branch f+, and fl represents a new branch which does
not have a smooth limit when α3 → 0. We call the corresponding branches of black holes
the Einstein branch (fe), the Gauss-Bonnet branch (fgb), and the Lovelock branch (fl).
When the following condition is satisfied
4α3 − α22 + 27α20α23 − 18α0α2α3 + 4α0α32 ≤ 0 , (4.3)
all three branches admit an asymptotic ‘AdS region’. Equality represents a quadratic
equation for α0, whose solution is
p± =
(d− 1)(d− 2)
108π
[
9α− 2α3 ± 2(α2 − 3)3/2
]
, (4.4)
in terms of the following dimensionless parameters:
α =
α2√
α3
, p = 4
√
α3P =
α0(d− 1)(d− 2)√α3
4π
. (4.5)
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Figure 12. Branches with ‘AdS’ asymptotics. According to the asymptotics of solutions of the
various branches the α − p space splits into 2 parameter regions. In region I only the Lovelock
branch admits AdS asymptotics. In region II all three branches admit the correct asymptotics.
We have set d = 7, for other dimensions the behavior is qualitatively similar (p± are appropriately
scaled by a d-dependent factor).
We may now define two parameter regions according to the asymptotics of solutions
of the various branches.6 Region I occurs for values of α and p outside the envelope of the
region bounded by the p± curves. In this region only the Lovelock branch has proper AdS
asymptotics whereas the Gauss-Bonnet and Einstein branches either do not exist as real
solutions or represent a compact space. Region II is inside the region bounded by the p±
curves. In this region all three branches admit proper AdS asymptotics. The situation is
displayed in figure 12.
Regions I and II were defined according to the asymptotic structure. Further restric-
tions ensue when horizons are taken into consideration. Consider for simplicity the q = 0
case. When κ = −1 it can be shown that region I always admits Lovelock black holes at
least in a certain range of parameters, whereas region II admits all three kinds of black
holes. The situation is more restrictive when κ = +1. Region II then admits only Einstein
type black holes whereas region I splits into a region Ia and region Ib. In region Ia, defined
by (α <
√
3) or (
√
3 < α < 2 and p < p−), Lovelock black holes exist in a certain parameter
range. In region Ib, defined by (α >
√
3 and p > p+), no black holes can exist. This is
illustrated in figure 13.
4.2 Equation of state
In terms of (4.5) and the following dimensionless quantities:
r+ = v α
1
4
3 , T =
tα
− 1
4
3
d− 2 , m =
16πM
(d− 2)Σ(κ)d−2α
d−3
4
3
, Q =
q√
2
α
d−3
4
3 , (4.6)
6Note that whereas the asymptotic structure is independent of the values of the charge and mass, the
existence of horizons is affected by it.
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Figure 13. Possible uncharged black holes. Left: κ = −1 case. The Lovelock black holes may exist
in region I for a certain range of parameters; all 3 kinds may exist in region II. Right: κ = +1 case.
Region I now splits into 2 regions: the Lovelock region Ia and the no black hole region Ib. In region
II only Einstein branch possesses horizons and can represent a black hole. We have displayed d = 7
case, for d = 8 the situation is qualitatively similar.
the equation of state (2.26) for 3rd-order Lovelock U(1) charged black holes now reduces
to (κ = ±1)
p =
t
v
− (d− 2)(d− 3)κ
4πv2
+
2ακt
v3
− (d− 2)(d− 5)α
4πv4
+
3t
v5
− (d− 2)(d− 7)κ
4πv6
+
q2
v2(d−2)
. (4.7)
Similar to the Gauss-Bonnet case we shall also investigate a dimensionless counterpart of
the Gibbs free energy,
g =
1
Σ
(κ)
d−2
α
3−d
4
3 G = g(t, p, q, α) , (4.8)
which now reads
g = − 1
16π(3 + 2ακv2 + v4)
[
4πpvd+3
(d− 1)(d− 2) − κv
d+1 +
24πκpαvd+1
(d− 1)(d− 4)
− αv
d−1(d− 8)
d− 4 +
60πpvd−1
(d− 1)(d− 6) −
2κα2vd−3(d− 2)
d− 4 +
4κvd−3(d+ 3)
d− 6
−3αv
d−5(d− 2)(d− 8)
(d− 4)(d− 6) −
3κvd−7(d− 2)
d− 6
]
+
q2
4(3 + 2ακv2 + v4)(d− 3)vd−3
[
v4(2d− 5)
d− 2 +
2ακ(2d− 7)v2
d− 4 +
3(2d− 9)
d− 6
]
.
(4.9)
The thermodynamic state corresponds to the global minimum of this quantity for fixed
parameters t, p, q and α.
Analyzing its critical points, the analogues of eqs. (3.10) and (3.11) now read
tc =
(d− 2)
2πvc (v4c + 6ακv
2
c + 15)
[
3κ(d− 7) + 2α(d− 5)v2c + (d− 3)κv4c −
4πq2
v
2(d−5)
c
]
, (4.10)
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and
0 = (d− 3) v2d−2c − 12ακ v2d−4c + 6v2d−6c
(
2α2
(
d− 5)+ 5− 5d)
+ 12κα (2d− 19) v2 d−8c + 45 (d− 7) v2 d−10c
− 4πκq2 [(2 d− 5) v4c + 6κα (2d− 7) v2c + 30d− 135] . (4.11)
The thermodynamic singularity for the κ = −1 3rd-order Lovelock black holes occurs
when v4 − 2αv2 + 3 = 0, i.e., for
v = vs± =
√
α±
√
α2 − 3 . (4.12)
Similar to the Gauss-Bonnet case, one can find the corresponding singular points. How-
ever, for general α and non-zero q the resultant expressions for ps± and ts± are not very
illuminating. A particularly interesting case occurs when α =
√
3 (for which the two
thermodynamic singularities ‘coincide’) and q = 0. In this case we find
vs = 3
1/4 , ts =
d− 2
2π
3−1/4 , ps =
(d− 1)(d− 2)
36π
√
3 . (4.13)
It is easy to check that the corresponding black hole has zero massM = 0; such “massless”
black holes can occur for hyperbolic geometries with appropriate identifications [54, 81, 82].
This very special case shall be discussed in section 4.5.
The positivity of entropy requires
(d− 4)(d− 6)v4 − 2α(d− 2)(d− 6)v2 + 3(d− 2)(d− 4) > 0 . (4.14)
The corresponding admissible roots are
v1,2 =
√√√√d− 2
d− 4
(
α±
√
α2 − 3(d− 4)
2
(d− 6)(d− 2)
)
, (4.15)
and coincide when
α = αd =
√
3(d− 4)2
(d− 6)(d− 2) . (4.16)
For α < αd the entropy is always positive. The two conditions are displayed in figure 14.
As we can see, for α <
√
3 the black hole entropy is always positive and there are no ther-
modynamic singularities. However, for α >
√
3, we may have both positive and negative
entropy black holes and thermodynamic singularities may be present.
In the next two subsections we shall discuss the behavior of this equation in d = 7 and
d = 8 dimensions, for various black hole topologies and various regions of the parameter
space (q, α).
4.3 Seven dimensions
In seven dimensions we have the following equation of state:
p =
t
v
− 5κ
πv2
+
2ακt
v3
− 5α
2πv4
+
3t
v5
+
q2
v10
. (4.17)
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Figure 14. Conditions for κ = −1 black holes. The thermodynamic singularities occur on a thick
red curve. The black hole entropy is positive to the left of the region outlined by thick black curve.
We have chosen d = 7. As d increases, the red curve remains unchanged, whereas the black curve
moves closer to it; the two curves coincide in the limit d→∞.
Eqs. (4.10) and (4.11) reduce to
tc =
10
π (v4c + 6ακv
2
c + 15)
[
αvc + κv
3
c −
πq2
v5c
]
, (4.18)
and
v12c − 3ακv10c + 3
(
2α2 − 15) v8c − 15ακv6c − 3πκq2 (3v4c + 14καv2c + 25) = 0 . (4.19)
The AdS asymptotics of various branches is displayed in figures 12 and 13, positive en-
tropy condition as well as thermodynamic singularities are displayed in figure 14, α7 given
by (4.16) now reads α7 = 3
√
3/5.
4.3.1 Spherical case
For black holes of spherical topology with charge or not, we confirmed numerically that in
the range α ∈ (0, 10), the equation of state admits exactly one critical point, characterized
by the standard critical exponents (3.18), and the system demonstrates “classical Van der
Waals” behavior. However, as α increases, the corresponding critical pressure, see figure 15,
increases, and eventually exceeds the admissible pressure p+, that is occurs for a compact
space solution. Alternatively, similar to the Gauss-Bonnet case, for each α > α0 ≈ 4.55
there exists a minimum charge qmin such that for q < qmin the critical pressure pc exceeds
the corresponding maximal pressure set by p+.
4.3.2 Hyperbolic case: multiple RPT
The hyperbolic case, κ = −1, is more interesting. We shall consider the uncharged q = 0
case in detail and then briefly mention what happens when nontrivial charge is added.
When q = 0 and depending on the parameter α we may have up to two critical points
(figure 16) and get various physical situations as summarized in table 2. The corresponding
p− v, g − t, and p− t diagrams are displayed in figures 17–21.
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Figure 15. Critical pressure: d = 7 and κ = +1. In d = 7 and the spherical case we observe one
critical point and the associated VdW behavior. The corresponding pressure pc is displayed for
q = 0, 1, 3. We observe that for α > α0 ≈ 4.55 there exists a minimum charge qmin such that for
q < qmin the critical pressure pc exceeds the corresponding maximal pressure p+.
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Figure 16. Critical points in d = 7: κ = −1, q = 0 case. Depending on the parameter α we may
have up to two physical critical points. The special case is α =
√
3 for which these two critical
points ‘coincide’ forming a special critical point discussed in the next subsection.
case range of α # critical points behavior
I α ∈ (0,√5/3 ) 1 VdW
II α ∈ (√5/3,√3 ) 2 VdW & reverse VdW
III α =
√
3 1 special
IV α ∈ (√3, 3√3/5 ) 0 infinite coexistence line
V α > 3
√
3/5 0 multiple RPT, infinite coexistence line
Table 2. Types of physical behavior in d = 7, κ = −1, q = 0 case.
Namely, when α ∈ (0,√5/3 ) we observe 1 physical critical point (with positive pc, vc
and tc) and the associated VdW-like first order small/large black hole phase transition
terminating at a critical point characterized by the swallowtail critical exponents (3.18).
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Figure 17. Gibbs free energy: uncharged d = 7, κ = −1 case. The Gibbs free energy is displayed
successively for α = 1.65,
√
3, 1.85, 2.5. In the α = 1.65 case we observe a presence of two swallow-
tails that never occur at the same pressure. The α =
√
3 is a special case for which the previous
swallowtails emerge from the same isolated critical point, characterized by non-standard critical
exponents. For α = 1.85 ∈ (√3, 3√3/5 ) the behavior of g is quite complicated; however the global
minimum of g corresponds to one possible first-order phase transition. Finally, for α = 2.5 > 3
√
3/5
the presence of negative entropy black holes effectively makes the admissible Gibbs ‘discontinuous’.
Besides the standard first-order phase transition, we can also observe, in a small range of pressures,
the ‘smooth’ RPT and/or the zeroth-order phase transition, as displayed in figure 20.
Note however that, contrary to the κ = +1 case, the coexistence line terminates at a finite
pressure p as t → 0. At α = √5/3 an additional physical critical point emerges with
‘infinite’ tc that becomes finite and positive as α increases; in the range α ∈
(√
5/3,
√
3
)
we observe two critical points and the associated VdW and ‘reverse VdW’ behavior, shown
in figures 18.
At α =
√
3, the two critical points merge together and a qualitatively new behaviour
emerges. We shall postpone discussion of this situation until later in this section.
Increasing α even further, in the region α ∈ (√3, 3√3/5 ) we find thermodynamic sin-
gularities.7 However, these do not exist in the branches globally minimizing the Gibbs free
energy. We therefore regard solutions in this range of α as having sensible thermodynamic
behaviour, and we observe a first-order phase transition as displayed in figure 19d.
7Associated with these singularities are the two reconnections of various branches — making the g − t
diagram quite complicated.
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Figure 18. p − v diagram: uncharged d = 7, κ = −1 case. The p − v diagram is displayed
successively for α = 1.65,
√
3, 1.85, 2.5. In the α = 1.65 we observe two critical isotherms displayed
by thick black curves, the isotherm with (tc1 + tc2)/2 is displayed by red curve and demonstrates
the ‘ideal gas behavior’, whereas the isotherms with t > tc2 and t < tc1 display oscillations that
are replaced according to Maxwell’s equal area law. α =
√
3 is a special case discussed in the next
subsection. For α >
√
3 we observe the presence of two thermodynamic singularities. The case
α = 2.5 > 3
√
3/5 moreover displays the region of negative entropy black holes, in between v2 and
v1. We also display p± in these cases. Note that the temperatures ‘reverse’ in between the two
thermodynamic singularities — hotter isotherms occur for lower pressures.
Similar behavior persists even for α > 3
√
3/5. However in such a region some of
the black holes may have negative entropy and hence are unphysical. Discarding such
black holes, the Gibbs free energy is no longer continuous. Moreover, the hypersurface of
large black holes displays an interesting curved shape, see figure 20, leading to a multiple
reentrant phase transition. To understand this phenomenon, let us look more closely at the
2d g−t diagram displayed on r.h.s. of figure 20. We observe that for p ∈ (p1 ≈ 0.23209, p2 ≈
0.23311) the branch of small black holes (displayed by a thick black curve that remains
almost identical for various pressures) crosses twice the branches of large black holes —
displayed by dashed colored curves — that moreover terminate at a finite temperature.
This indicates that there will be two first-order phase transitions, possibly accompanied,
for p ∈ (p0 ≈ 0.21809, p2) and t ∈ (0, tz ≈ 0.16864), by a zeroth-order phase transition,
e.g. [20]. Consider the constant pressure p′ = 1.002× p1 ∈ (p1, p2) curves displayed in the
diagram by thick black and dashed black lines. As the temperature decreases from say
t = 0.4, the system follows the lower dashed black curve being a large black hole, until at
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Figure 19. p − t phase diagram for κ = −1. The distinct behaviour of the p − t diagram is
displayed for α = 1, 1.65,
√
3, 1.85. The α =
√
3 case is a special case for which the two critical
points ‘coincide’ forming an isolated critical point discussed in section 4.5; for α ∈ (√3, 3√3/5 ) we
no longer observe a critical point, however, the first-order phase transition still persists. The case
α > 3
√
3/5 demonstrates reentrant behavior and is discussed in the next figure.
t3 ≈ 0.308 the two branches cross and the system undergoes a first-order phase transition
to a small black hole. As t decreases even further the global minimum of g corresponds
to the small black hole on a thick black curve until at t2 ≈ 0.20 another first-order phase
transition, this time to a large black hole, occurs. Then the system follows the dashed
black curve as a large black hole until this terminates at t1 ≈ 0.162. If the temperature is
decreased even further the system jumps to the thick black curve, undergoing the zeroth-
order phase transition and becoming a small black hole again. In summary, we observe
reentrant large/small/large/small black hole phase transition. The corresponding p − t
phase diagram is displayed in figure 21.
Charged case. When q is sufficiently small the behaviour is similar to the q = 0 case:
namely we observe one critical point in the range 0 < α <
√
5/3, two critical points
for
√
5/3 < α <
√
3, and no critical points for α >
√
3. More generally, the number
of physical critical points in the (q, α)-parameter space is displayed on l.h.s. of figure 22.
When α <
√
5/3 we observe the standard VdW behavior in the blue region with one critical
point and no critical behavior in the grey region. For α ∈ (√5/3,√3 ), as q increases one
of the two critical temperatures decreases and soon becomes negative. Consequently, the
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Figure 20. Multiple RPT: Gibbs free energy. The Gibbs free energy is displayed for d = 7, q =
0, κ = −1, α = 2.5 > 3√3/5 case. Left figure is a close up of figure 17. Right figure represents
p = const. slices of the left one. We observe two branches: the branch of small black holes (displayed
by a thick black curve — almost identical for various pressures) and the branch of large black holes
displayed by dashed coloured curves. We do not display the surfaces of g for negative entropy black
holes. Consequently, the Gibbs free energy seems discontinuous — the large black hole branch
terminates at finite t. For p ∈ (p0 ≈ 0.218088, p2 ≈ 0.2331108665 we observe the zeroth-order phase
transition. More interestingly, for any p ∈ (p1, p2), the global minimum of g alternates from branch
to branch: small and large black hole branches double cross indicating the presence of multiple
RPT behavior. Namely, consider a constant pressure p′ = 1.002 × p1 ∈ (p1, p2) displayed by thick
black and dashed black curves. As the temperature decreases from say t = 0.4, the system follows
the lower dashed black curve being a large black hole, until at t3 ≈ 0.308 the two branches cross
and the system undergoes a first-order phase transition to a small black hole. As t decreases even
further the global minimum of g corresponds to the small black hole on a thick black curve until
at t2 ≈ 0.20 another first-order phase transition, this time to a large black hole occurs. Then the
system follows the dashed black curve as a large black hole until this terminates at t1 ≈ 0.162. If
the temperature is decreased even further the system jumps to the thick black curve, undergoing
the zeroth-order phase transition and becoming a small black hole again. In summary, we observe
reentrant large/small/large/small black hole phase transition.
VdW-like swallowtail disappears and for large q we observe only the reverse VdW behavior;
this is displayed in figure 23. The situation for α ≥ √3 is rather complicated because of
the presence of thermodynamic singularities. We postpone the detailed study of this case
for future study.
4.4 Eight dimensions
In eight dimensions we have the following equation of state:
p =
t
v
− 15κ
2πv2
+
2ακt
v3
− 9α
2πv4
+
3t
v5
− 3κ
2πv6
+
q2
v12
. (4.20)
Eqs. (4.10) and (4.11) reduce to
tc =
3
πvc (v4c + 6ακv
2
c + 15)
[
3κ+ 6αv2c + 5κv
4
c −
4πq2
v6c
]
, (4.21)
and
5v14c −12ακv12c +6
(
6α2−35) v10c −36ακv8c+45v6c−4πκq2 (11v4c+54καv2c + 105) = 0 . (4.22)
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Figure 21. Multiple RPT: p − t phase diagram. The p − t phase diagram is displayed for d =
7, q = 0, κ = −1, α = 2.5 > 3√3/5. The thick black curve displays the first-order phase transition
between small and large black holes, the red curve stands for the corresponding zeroth-order phase
transition. Right figure represents a close up of the left figure. For a fixed pressure p′ ∈ (p1, p2) as
temperature increases we may observe multiple phase transitions showing the reentrant behavior.
Namely, we observe a phase transition from small black holes to large black holes, back to small
black holes again, and finally to large black holes. The first transition is of the zeroth-order while
the other two are of the first-order; the temperatures t1, t2 and t3 coincide with those in figure 20.
The zeroth-order phase transition terminates at (tz, p2).
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Figure 22. Critical points in (q, α)-parameter space: κ = −1 case. The number of critical points
with positive (pc, vc, tc) is displayed in the (q, α)-parameter space for κ = −1. Grey dots correspond
to no critical points, blue to one critical point, and red to two; black solid and dashed lines highlight
α =
√
5/3 and α =
√
3, respectively. Contrary to d = 7 (left) case, in d = 8 (right) there are no
critical points for α <
√
5/3.
The AdS asymptotics and various black hole branches are qualitatively similar to those
displayed in figures 12 and 13; positive entropy condition as well as thermodynamic sin-
gularities behave as in figure 14, with α8 = 2. The number of possible critical points with
positive (pc, vc, tc) as we probe the (q, α)-parameter space is displayed in figures 22 and 24.
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Figure 23. Reverse VdW behavior. The characteristic reverse VdW behavior is displayed for
d = 7, κ = −1, q = 1, α = 1.5 case. Left: the p− v diagram. Right: the p− t phase diagram.
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0.030
q
Figure 24. Critical points in (q, α)-parameter space: d = 8, κ = +1 case. The number of critical
points with positive (pc, vc, tc) is displayed in the (q, α)-parameter space; grey dots correspond to
no critical points, blue to one critical point, red to two, and yellow to three. The corresponding
diagram for d = 7 is trivial (contains only the blue region with one critical point) and hence is not
displayed. Although all critical points have positive (pc, vc, tc), some pc may exceed the maximum
pressure p+ and hence occurs for a compact space. Note also the qualitatively different behavior
for q = 0.
4.4.1 Spherical case
As with the Gauss-Bonnet d = 6 case, the thermodynamic behavior is qualitatively dif-
ferent for uncharged and charged black holes. We shall not discuss this in full generality.
Rather we concentrate on two important cases: i) reentrant phase transitions, present for
uncharged black holes and ii) multiple first order phase transitions accompanied by a triple
point, in the weakly charged case.
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Figure 25. Critical points: d = 8, q = 0, κ = 1. Critical volume vc and pressure pc are displayed as
functions of α. We observe that for α ∈ (α1 ≈ 2.747, α2 ≈ 2.886) we have two critical points with
positive (pc, vc, tc). However, only one of them occurs in a branch globally minimizing the Gibbs
free energy.
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tt1t0
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No BH region
Small BH
Large BH
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0.09
0.715 0.72 0.725 0.73
Figure 26. Reentrant phase transition: d = 8, q = 0, κ = 1. Left: g− t diagram. The characteristic
behavior of the Gibbs free energy when the RPT is present is displayed for p = 0.08384. The
temperature t1 indicates the standard large/small BH first-order phase transition; t0 the peculiar
small/large BH zeroth-order phase transition. Right: p − t diagram. The zeroth-order phase
transition is displayed by thick red curve. The dashed curve outlines the ‘no black hole region’. We
have set α = 2.8.
Reentrant phase transition. When q = 0 we may have up to two critical points,
the corresponding vc and pc are displayed in figure 25. Namely, for α < α1 ≈ 2.747 we
observe one critical point, for α1 < α < α2 ≈ 2.886 two critical points, and above α2
there are no critical points. Since we are in even dimension and in the absence of charge,
small black holes may have arbitrarily high temperature [66]. Consequently, for α < α2
and a certain range of pressures, we observe a reentrant phase transition, similar to the
one observed in [20]. For example, for α = 2.8 we display the characteristic behaviour
of the Gibbs free energy on l.h.s. of figure 26. Looking at this figure, we observe that
for high temperature, large black holes (lower vertical curve) globally minimize the Gibbs
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Figure 27. Critical points: d = 8, κ = 1, α = 1. Left: critical volume vc is displayed for q ∈
(0, 0.03). Right: critical pressures. For certain range of q’s we observe the existence of a triple point.
free energy. As temperature decreases, at t1 there is a first order phase transition to
small black holes displayed by horizontal curve. Following this curve further, at t = t0,
this curve terminates and the system cannot be a small black hole anymore. Rather it
undergoes a zeroth order phase transition and ‘jumps’ to the upper vertical curve denoting
the large black holes again. Hence as temperature monotonously changes from high to low
the system undergoes phase transitions from large to small and back to large black hole, a
phenomenon known as a reentrant phase transition, seen for d = 6 rotating black holes in
the Einstein gravity [20]. The corresponding p − t phase diagram is displayed on r.h.s. of
figure 26.
Triple point. When a small charge q is added to the black hole, we find up to three
critical points, shown in figure 27 for α = 1. Consequently the small/intermediate and
intermediate/large black hole phase transitions as well as a triple point may be present.
The Gibbs free energy exhibits two swallowtails that terminate at critical points on one
side and merge together to form a triple point on the other side, see figure 28. The triple
point for example occurs at
q = 0.012 , p3c = 0.03209 , t3c = 0.54729 , (4.23)
where black holes of three different sizes, v1 = 0.3948, v2 = 0.4855, v3 = 9.7190 ‘coexist’.
Similar to the d = 6 Gauss-Bonnet case, the p − v diagram saturates ‘double Maxwell’s
equal area law’, in parallel with figure 8a. The corresponding phase diagram is displayed
on r.h.s. of figure 28.
4.4.2 Hyperbolic case
The thermodynamic behavior of d = 8 hyperbolic Lovelock black holes is very similar to
the d = 7 case. We display the structure of possible critical points in the (q, α)-parameter
space on r.h.s. of figure 22 — apart from the absence of small blue region associated with
the VdW behavior for α <
√
3 the figures seem very much alike. Specifically, for q = 0
case the possible thermodynamic phenomena are summarized in table 3.
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Figure 28. Triple point: d = 8, κ = 1, α = 1. Left: g − t diagram. The characteristic double
swallowtail indicating the presence of two first-order phase transitions is displayed by thick black
curve. When two such swallowtails ‘coincide’ we observe a triple point. Right: p− t diagram. The
phase diagram possesses two first-order phase transitions that eventually terminate at critical points
on one side and merge together to form a triple point on the other side. To signify these features
we have set different charges in the two figures. Whereas left figure is displayed for q = 0.00161
(for which the two swallowtails are apparent), for right figure we have set q = 0.012 for which the
two critical pressures are comparable.
case range of α # critical points behavior
I α ∈ (0,√5/3 ) 0 no critical behavior
II α ∈ (√5/3,√3 ) 2 VdW & reverse VdW
III α =
√
3 1 special
IV α ∈ (√3, 2 ) 0 infinite coexistence line
V α > 2 0 multiple RPT, infinite coexistence line
Table 3. Types of physical behavior in d = 8, κ = −1, q = 0 case.
4.5 α =
√
3: isolated critical point
A special case occurs when the parameter α takes the particular value α =
√
3; the system
can be solved analytically and the solution expressed in the simple form [48, 49]
f = κ+
r2√
3α3

1−
(
1−3√3α3
(
α0− 16πM
(d−2)Σ(κ)d−2rd−1
+
8πQ2
(d−2)(d−3)r2d−4
)) 1
3

 . (4.24)
In what follows we concentrate on the Q = 0 case. The equation of state and the Gibbs
free energy are given by (4.7) and (4.9), taking the α =
√
3 limit. While certain properties
of this case in the context of p− v criticality have been studied previously [50–52], we here
point out an interesting novel feature.
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For κ=+1, we find one physical critical point, with positive (pc, vc, tc), characterized by
vc = 3
1
4 ×
√
d+ 3 + 2d˜
d− 3 , tc =
3
3
4 (d− 2)(d− 3)2(d− 2 + d˜ )
6π
(
d˜+ 3d− 6)√(d+ 3 + 2d˜ )(d− 3) ,
pc =
√
3(d− 2)(d− 3)2[3(d+ 1)(69− 5d)(d− 2)− d˜(d2 − 160d+ 255)]
36π
(
d˜+ 3d− 6)(d+ 3 + 2d˜ )3 , (4.25)
where d˜ =
√
(d− 2)(12− d). Obviously, there is no solution for d > 12 and so the range of d
admitting critical points is 7 ≤ d ≤ 12. In fact, we find that there is no criticality associated
with the critical point in d = 12 (we have a cusp similar to one in the d = 6 Gauss-Bonnet
case). In d = 10, 11 an additional critical point emerges which, however, occurs in a branch
that does not globally minimize the Gibbs free energy. Recapitulating, for κ = +1 critical
behavior occurs in d = 7, 8, 9, 10, 11 dimensions: in d = 7 the critical point is associated
with the VdW behavior, whereas in d = 8, 9, 10, 11 we observe a reentrant phase transition
similar to the one studied in the previous subsection for d = 8.
To study the nature of the critical point (4.25) we study its critical exponents. The
standard procedure is to Taylor expand the equation of state around this critical point. By
introducing the new variables
ω =
v
vc
− 1 , τ = t
tc
− 1 , (4.26)
we find that the equation of state expands as
p
pc
= 1 +Aτ +Bτω + Cω3 + . . . , (4.27)
with A,B,C non-trivial d-dependent constants — implying the standard critical
exponents (3.18).
The situation is considerably different for κ = −1. Here in any dimension d ≥ 7 we
find a single critical point [50, 51] at
vc = 3
1/4 , tc =
d− 2
2π
3−1/4 , pc =
(d− 1)(d− 2)
36π
√
3 = p+ = p− . (4.28)
Note that this critical point occurs exactly at the thermodynamic singular point (4.13),
and implies that the black hole is massless (M = 0). This leads to very peculiar behaviour
as described below. Namely, in the p− v diagram this critical point corresponds to a place
where various isotherms merge together as displayed in figure 18b.8 The Gibbs free energy
displays two swallowtails, both emanating from the same origin given by (4.28), shown in
figure 17b. In the p − t diagram, figure 19c, we consequently observe an isolated critical
point. Such a critical point is special as can be seen from the following expansion of the
equation of state, using variables (4.26):
p
pc
= 1 +
24
d− 1τω
2 − 8(d− 4)
(d− 1)ω
3 + · · · . (4.29)
8Contrary to the previous cases concerning thermodynamic singularities, the isotherms do not cross
here but rather merge and depart again. This is a direct consequence of the fact that two thermodynamic
singularities coincide at v = vs.
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Together with the fact that the specific heat at constant volume, Cv ∝ T ∂S∂T
∣∣∣
v
∝ |t|−α˜,
identically vanishes for our Lovelock black holes as S = S(V, α2, α3, . . . ), we conclude that
the critical exponents associated with the isolated critical point are
α˜ = 0 , β˜ = 1 , γ˜ = 2 , δ˜ = 3 . (4.30)
Such exponents are different from the swallowtail exponents (3.18). This means that not
all scaling relations remain valid for our critical point. In fact we find that the following
scaling relation:
γ˜ = β˜
(
δ˜ − 1) (4.31)
remains valid, whereas the equality between 2 − α˜ = 2β˜ + γ˜ is violated; in other words
three instead of two of the critical exponents α˜, β˜, γ˜ and δ˜ are independent.
All this looks rather interesting. However, the presence of the thermodynamic sin-
gularity that occurs exactly at v = vc seems puzzling. Is there any pathology hiding in
the black hole spacetime? In particular are the black holes at the critical point and its
nearby vicinity non-singular at the horizon? To answer this question, we decided to study
the tidal forces that an observer falling through the black hole horizon would experience.
Such forces are determined by the orthonormal components of the Riemann tensor and, in
our case, depend on f ′(r+) and f ′′(r+).9 One can show that both these quantities when
expressed as functions of p and v are smooth and finite at p = pc, however they diverge at
v = vc for pressures slightly off pc. For example we have
f ′′(vc + dv, pc + dp) =
3
7
4π2
25
(dp)2
(dv)5
+
9
√
3π2
10
(dp)2
(dv)4
+
3
1
4 57π2
20
(dp)2
(dv)3
+
π
√
3
(
8 + 13
√
3πdp
)
8
dp
(dv)2
+
3
3
4π
(
40
√
3 + 63πdp
)
40
dp
dv
+
√
3
(
800 + 1100
√
3πdp+ 957π2(dp)2
)
1200
+O(dv, dp) . (4.32)
However, such behavior is not fatal and in fact occurs for the Gibbs free energy when
expressed as function of p and v as well. It is simply an artifact of the fact that at v = vc
and p 6= pc the Gibbs free energy suffers from an infinite jump while at the same time the
temperature blows up — implying we are infinitely far from the critical point,
g(vc + dv, pc + dp) = − 3
d+5
4
6(d− 6)(d− 4)(d− 2)
dp
(dv)2
− 2× 3
d+4
4
3(d− 6)(d− 4)(d− 2)
dp
dv
− 3
d−3
4
π(d− 4)(d− 6) +O(dp, dv) ,
t(vc + dv, pc + dp) =
3
3
4
4
dp
(dv)2
+
√
3dp
dv
+
3
1
4 23
16
dp+ tc +O(dp, dv) . (4.33)
9Alternatively, one may want to study various curvature invariants, for example the Kretschmann scalar,
given by (2.30). In either case the conclusions remain qualitatively the same.
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To cure this it is simply enough to express the Gibbs free energy as a function of p and t,
its natural variables, leaving a nice ‘smooth’ expansion of g around the critical point (4.28).
Similarly, one can show that both f ′ and f ′′ have nice expansion around the critical point.10
To summarize, the thermodynamics around the special isolated critical point (4.28)
seems well defined and we have not found anything pathological about the corresponding
black hole spacetimes. One can also show that the branches of black holes that globally
minimize the Gibbs free energy (and possess non-negative temperature) have always non-
negative specific heat CP and hence are locally thermodynamically stable, while at the
critical point we find CP = 0. Further discussion of this interesting isolated point can be
found in [83].
5 Summary and conclusions
Our comparison of the thermodynamics of black holes in Gauss-Bonnet and 3rd-order
Lovelock gravity has indicated that the latter contains interesting and qualitatively new
thermodynamic behaviour.
As in previous works, we have seen various thermodynamic phenomena, such as Van
der Waals behaviour, reentrant phase transitions (RPT), and tricritical points. All these
phenomena naturally and generically occur in the context of 3rd-order Lovelock gravity.
For example we confirmed the existence of a tricritical point in d = 8, 9, 10 dimensions in
the case of charged black holes and the existence of RPT in d = 8, 9, 10, 11 dimensions for
the electrically neutral ones. Moreover, we have seen ‘multiple RPT’ behaviour, in which
the Gibbs free-energy is continuous at the phase transition point. This feature has not
previously been noted.
In the case of hyperbolic κ = −1 black holes we generically find thermodynamic sin-
gularities, in which all isotherms cross at a particular value of v in the p − v diagram.
The corresponding Gibbs free energy suffers from an ‘infinite jump’ and undergoes ‘re-
connection’. In particular, we may observe a form of swallowtail in which one end of the
swallowtail ‘goes to infinity’. Since the global minimum of the Gibbs free energy is always
well-defined, we can still make sense of thermodynamics. We also observe regions where
black holes have negative entropy. We have excluded these from thermodynamic consider-
ations. However there has been a recent proposal in which negative entropy is interpreted
in terms of heat flow out of a volume [84–86]. It would be interesting to see if a similar
interpretation holds for Lovelock black holes.
We also further elucidated thermodynamic behaviour when α =
√
3 and κ = −1
for 3rd-order uncharged Lovelock black holes [50, 51]. In this interesting special case we
find that the equation of state has non-standard expansion about a special critical point.
Rather than p/pc = 1+Aτ +Bτω+Cω
3+ . . . (characteristic for mean field theory critical
exponents and swallowtail catastrophe behaviour) we obtain
p
pc
= 1 +
24
d− 1τω
2 − 8(d− 4)
d− 1 ω
3 + . . . , (5.1)
10A very simple way to check these statements, at least for t = tc, is to use the expansion (4.29) and the
fact that at t = tc, dp ∝ (dv)
δ˜ with δ˜ = 3. Plugging this into the expansions of f (n) for n = 1, 2, 3, 4 we
find that all such expansions are finite and well-behaved.
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suggesting a violation of certain scaling relations and non-standard critical exponents. We
shall discuss this feature of Lovelock gravity further in [83].
Future work could also include the following. Beyond p = pmax the asymptotic struc-
ture of the spacetime changes, being compact for p > pmax. Perhaps there is a phase
transition to such solutions? One might also consider a possibility of identifying an effec-
tive cosmological constant, rather than the bare cosmological constant, with pressure [46]
and describing the thermodynamics from that perspective, analogous to the approach taken
for boson stars [73].
Finally, an interesting question is whether one could observe a quatrocritial point, in
which four first-order phase transitions coalesce. Such a point would correspond to three
swallowtails merging together, or alternatively, to three Van der Waals oscillations of a
single isotherm such that the equal areas occur for the same pressure. A necessary (not
sufficient) condition for the existence of a quatrocritical point is the existence of 3 maxima
and 3 minima for a single isotherm; in other words ∂p/∂v = 0 would have to have 6
solutions. This can never happen for U(1) charged Gauss-Bonnet black holes. However,
it might in principle occur for 3rd-order Lovelock black holes, though our results and
preliminary study in higher dimensions shows this unlikely. Whether or not a quatrocritical
point can be found for (possibly higher-order) Lovelock black holes remains to be seen.
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